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Polymeric adhesives sandwiched between two elastic substrates are commonly found in multi-layers and IC packages.
The non-elastic deformation and ﬂow stress of such adhesive joints are highly pressure-sensitive. In this work, we study the
eﬀects of pressure-sensitivity, a, and plastic dilatancy, b, on void growth and coalescence ahead of a crack in ductile adhe-
sive joints. To this end, a single layer of discrete voids is placed ahead of the crack in a pressure-sensitive dilatant adhesive
sandwiched between two elastic substrates. The adhesive joint is subjected to small-scale yielding conditions. Using an
associated ﬂow rule (a = b), we show that pressure-sensitivity not only intensiﬁes damage levels but also increases its spa-
tial extent several fold. The damage level as well as its spatial extent is found to be even greater when a non-associated ﬂow
rule (b < a) is deployed. A reduction in the damage process zone’s thickness further increases the voiding activity in the
adhesive, thereby resulting in brittle-like failure. This work also examines the fracture toughness trends using a material
failure criterion for crack growth.
 2006 Elsevier Ltd. All rights reserved.
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Mechanism-based computational models are highly attractive tools for the prediction of fracture and fail-
ure of structural components. One widely accepted approach for modeling ductile fracture is to idealize the
fracture process zone by conﬁning void growth and coalescence in the material to a single row of void-con-
taining cells ahead of the crack-tip (Xia and Shih, 1995). The progressive damage of these computational cells
is governed by the Gurson constitutive model (Gurson, 1977). Recent years have witnessed several attempts to
replicate the exact void growth behavior using discrete voids. Tvergaard and Hutchinson (2002) introduced a
population of discrete cylindrical voids ahead of a crack to study the mechanisms of ductile crack initiation
and growth. They observed that the void interaction eﬀects resulted in two distinct fracture mechanisms: (i)
near-tip void growth and coalescence, and (ii) multiple void interaction mechanisms. The transition between0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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* Corresponding author. Tel.: +65 6874 6888; fax: +65 6779 1459.
E-mail address: MPECL@nus.edu.sg (L. Cheng).
2554 H.B. Chew et al. / International Journal of Solids and Structures 44 (2007) 2553–2570these two mechanisms is primarily governed by the initial porosity. Other studies using discrete voids to model
ductile fracture were conducted by Kim et al. (2003) and Gao et al. (2005). These studies were, however, con-
ﬁned to cracks in homogeneous ductile metals. The present work focuses on constrained polymeric layers.
The deformation of polymeric materials and adhesives diﬀers considerably from metals. Aside from exhib-
iting large elastic strains prior to yield, the yield stress of polymers displays strong pressure-sensitivity (Quin-
son et al., 1997). In addition, the plastic ﬂow of polymers is non-volume preserving (G’Sell et al., 2002). The
initial yield strains of polymers can reach 1–5%, with friction angles (related to pressure-sensitivity levels)
ranging from 0 to 23. Focusing on the large elastic strain eﬀects for pressure-insensitive solids, Tvergaard
(1999) found the critical cavitation stress to decay strongly with the increase in initial yield strain. Using a
non-associated ﬂow rule, Chew et al. (2006) studied the void growth and interaction in pressure-sensitive poly-
meric materials containing two populations of cavities. They showed that increasing pressure-sensitivity
severely reduces the material’s stress carrying capacity, while multiple void interactions led to the sharp
post-peak stress drop which in turn triggers rapid failure. In contrast, plastic dilatancy was found to have
some eﬀect in raising the post-peak stress levels, resulting in a larger work of separation.
Polymeric adhesive joints are some of the most critical features in composites, including multi-layered
devices and plastic electronic packages. Such joints can fail by ductile rupture due to the high stress triaxiality
that develops within the layer (Varias et al., 1991; Chowdhury and Narasimhan, 2000a; Guo and Cheng,
2003). The resulting fracture surfaces typically consist of dimples and traces of voids (see Fig. 5 in Imanaka
et al. (2003)). In this work, the damage process zone in the adhesive is modeled by a single row of discrete
voids placed ahead of a crack. The pressure-sensitive dilatant adhesive is sandwiched between two elastic sub-
strates. The adhesive joint is subjected to small-scale yielding conditions. The objective is to investigate how
several distinctive characteristics of polymers, such as pressure-sensitivity and plastic dilatancy, inﬂuence void
growth and coalescence in adhesive joints, and how these parameters contribute to the formation of extended
damage zones.
The organization of this paper is as follows. Section 2 describes the problem formulation and the material
speciﬁcations for the adhesive joint. In Section 3, we conduct a unit-cell study to characterize the eﬀects of
pressure-sensitivity and plastic dilatancy on the cell behavior ahead of the crack. At the same time, we derive
the radial solution for void growth in an axisymmetric plane strain unit-cell in the Appendix. Section 4
describes the failure mechanisms in pressure-insensitive adhesive joints, while Section 5 discusses the contri-
bution of several key parameters to the damage evolution in pressure-sensitive adhesives. In Section 6, a fail-
ure criterion for crack growth is proposed, and the fracture toughness trends are studied. Section 7 concludes
this paper with a short summary.
2. Problem modeling
Finite element analysis of a cracked, sandwiched adhesive layer subjected to mode I K-ﬁeld loading under
small-scale yielding conditions is carried out. The joint comprises a ductile ﬁlm of thickness h joining two elas-
tic substrates. The two substrates have identical properties. They are elastic isotropic materials with Young’s
modulus, Es, and Poisson’s ratio, ms. The elastic properties of the ﬁlm are designated by E and m.
2.1. Pressure-sensitive adhesive
Experimental evidence shows that the plastic behavior of polymeric materials diﬀer considerably from the
von Mises material (Quinson et al., 1997). Such behavior can be explained by assuming a yield criterion based
on a linear combination of the mean stress and eﬀective stress (Chiang and Chai, 1994; Jeong et al., 1994).
Here, the pressure-dependent yielding of the adhesive is described byre þ 3arm  r^ ¼ 0 ð1Þ
where re is the eﬀective stress, rm = rkk/3 the mean stress, r^ the ﬂow stress of the subsequent yield surface, and
a the pressure-sensitivity index. The friction angle wa can be deﬁned by tanwa = 3a. We assume the ﬂow po-
tential to take the formU ¼ re þ 3brm ð2Þ
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ker–Prager yielding condition (1) together with the ﬂow potential (2) can describe the pressure-sensitive dilat-
ant behavior of the material. The plastic part of the deformation rate dp is given by the non-associated ﬂow
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is the equivalent strain rate, in which ep signiﬁes the deviatoric part of dp. It reduces to an
associated ﬂow rule when a = b.
The ﬂow stress r^ is a function of the accumulated plastic strain p ¼ R _pdt. For a power-law plastic hard-
ening solid, one hasr0
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r^
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 r^
E
¼ p ð4Þwhere N is the hardening exponent ranging from 0 to 1, and r0 the initial yield stress under shear which is
related to the initial tensile and compressive yield stresses rt0 and r
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: ð6ÞIn polymeric materials, the typical friction angle wa ranges between 0 and 23.2.2. Discrete void implementation
The boundary layer conﬁguration is depicted in Fig. 1a. Along the remote circular boundary, mode I elastic
K-ﬁeld displacements are prescribed under plane strain conditions. The mode I stress intensity factor KI is
related to the J-integral byJ ¼ 1 m
2
s
Es
K2I : ð7ÞAt various stages of the loading, the value of the J-integral is calculated on a number of contours around the
crack using the domain integral method (Moran and Shih, 1987). The domain integral value was found to be
in good agreement with the value given by (7) for the prescribed amplitude KI. This consistency check assures
that small-scale yielding conditions are satisﬁed.
Xia and Shih (1995) simpliﬁed the ductile fracture process by placing a single row of void-containing cells
ahead of the crack-tip; this layer of computational cells was representative of the fracture process zone. In this
study, the process zone is modeled using discrete cylindrical voids.
Damage in the adhesive is conﬁned to a row of unit-cells placed ahead of the crack-tip. Each unit-cell is of
dimensions D by D (related to void spacing), and contains a discrete cylindrical void of initial radius R0. This
arrangement of voids is illustrated by a close-up view in Fig. 1a for D = h/2. The initial void volume fraction is
given by f0 ¼ pR20=D2. The crack-tip has a small initial root radius r0, with the distance between the crack-tip
and nearest void ﬁxed at D. Previous studies have shown the inﬂuence of the notch-tip radius r0 to be negli-
gible for small r0/D. Here, we ﬁx r0 as 0.04D.
The macroscopic stress of each unit-cell is computed fromRij ¼ 1V
Z
V
rijdv ð8Þ
Fig. 1. (a) An adhesive (with a centerline crack) bonded to two elastic substrates subject to remote elastic KI ﬁeld. (b) Close-up view of the
ﬁnite element mesh near the crack-tip for f0 = 0.05, D = h/2.
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formed conﬁguration with unit thickness in the axial direction. The macroscopic mean stress is given by
Rm = Rkk/3. The current void volume fraction is calculated from f = Vf/V where Vf represents the current de-
formed void volume obtained by numerical integration. The macroscopic stress distribution over the layer of
cells, together with the current porosity f, can be employed to describe adhesive behavior and damage.
Fig. 1b displays the close-up view of the ﬁnite element mesh near the crack-tip for f0 = 0.05, D = h/2. By
taking advantage of symmetry, only one half of the geometry needs to be modeled. In this example mesh, a
total of 23 voids is used. For D = h, h/4 and h/8, the number of voids introduced are 11, 47, and 95, respec-
tively. It should be noted that the process zone length in a constrained layer can be several times longer than
that in a homogeneous material due to the high stress triaxiality inherent in the former. As such, a greater
number of voids are required to model the damage process zone in this work, than for fracture studies on
cracks in homogeneous materials (e.g. Tvergaard and Hutchinson, 2002).
To prevent spurious mesh dependency from our cell size study, a convergence analysis is systematically per-
formed by examining the eﬀects of mesh reﬁnement. Convergence is considered attained when no change in
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hybrid plane strain elements. The computations are performed within the ﬁnite strain setting using the gen-
eral-purpose ﬁnite element program Abaqus Version 6.3.1 (2002).
2.3. Model parameters
From dimensional considerations, the spatial distribution of ﬁeld quantities Rm/r0 and f depends on the
following dimensionless geometric-material parameters:J
r0h
;
D
h
;
r0
E
;
Es
E
;N ; m; ms; a; b; f 0: ð9ÞUnless otherwise stated, the properties of the ﬁlm are speciﬁed by the parameters r0/E = 0.01, m = 0.4, and
N = 0.1. The elastic modulus mismatch between the ﬁlm and the substrate is taken as Es/E = 10, with
ms = 0.3. These values are representative of polymer–silicon joints in IC packages.
Polymeric adhesives contain numerous pores and cavities of various size scales. The initial porosity f0 can
vary from less than 0.5% for the microvoids, to 20–40% for cavitated rubber particles in glassy polymers.
From moisture analysis, the estimated f0 for the die-attach and molding compound in PBGA packages ranges
from 1% to 5%. In this study, we consider the initial porosity range of 0.5–5% for the polymeric adhesive ﬁlm,
and focus on the model parameters of a, b and D/h.
3. Unit-cell behavior
In this section, a unit-cell study is performed to gain insights into the eﬀects of pressure-sensitivity a and plas-
tic dilatancy b on void growth and material failure. Consider a square unit-cell, of dimensions D · D, that con-
tains a single cylindrical void. Roller boundary conditions are applied along the symmetric planes of the quarter
geometry of the cell volume to be analyzed (see inset in Fig. 2). The unit-cell is subjected to equibiaxial straining
in Fig. 2a to study the high triaxiality induced void growth. It is also subjected to uniaxial straining in Fig. 2b to
simulate void growth and coalescence ahead of a crack under mode I dominant loading. In both cases, the cell is
speciﬁed by r0/E = 0.01 and N = 0, with f0 = 0.05. The overall stresses in the cell are computed from (8).
Concurrently, we derive the analytical solution for a plane strain hollow cylinder subjected to internal pres-
sure p and remotely applied radial stress Rq in the Appendix. Attention is focused on void growth in a fully
plastic matrix under both associated normality ﬂow (a = b) and incompressible plastic ﬂow (b = 0). In addi-
tion, we present the solution for void growth in an incompressible elastic–plastic matrix (a = b = 0). These
analytical results are compared against ﬁnite element computations for traction-free void surface, i.e. p = 0.
3.1. Equibiaxial straining
Fig. 2a displays the in-plane mean stress (Rx + Ry)/2r0 versus void growth f for three pressure-sensitivity
levels represented by friction angles: wa = 0, 10 and 20 under an associated ﬂow (a = b). Our numerical
results show that an increase in wa from 0 to 20 reduces the peak stress level responsible for rapid void
growth by about 30%. A comparison between the fully plastic solution (Eq. (10) in Appendix) and the ﬁnite
element results in Fig. 2a shows the former to provide the upper limit-load of the cell. The diﬀerence between
both solutions can be mainly attributed to the shape eﬀects of the cell boundary: circular symmetry for the
analytical derivation, and square symmetry for the ﬁnite element solution. These eﬀects are reduced when
the initial porosity becomes vanishingly small, i.e. f0! 0, and close agreement between the numerical results
and the fully plastic analytical solution is obtained. We further observe that the elastic–plastic solution (Eq.
(20) in Appendix) agrees with the fully plastic solution for wa = wb = 0 in the post-peak regime.
3.2. Uniaxial straining
Fig. 2b displays the eﬀects of plastic dilatancy b, for a non-associated ﬂow (b < a), on the macroscopic
stress–strain response of the single void cell under uniaxial straining. The three benchmark curves for
Fig. 2. Eﬀects of pressure-sensitivity and plastic dilatancy for a unit-cell volume containing a single void. (a) In-plane mean stress versus
porosity f for equibiaxial straining under associated ﬂow. (b) Macroscopic stress–strain curves for uniaxial straining under non-associated
ﬂow. r0/E = 0.01, N = 0, f0 = 0.05.
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showing that the peak stress level is unaﬀected by b. However, the stress carrying capacity in the post-peak
stress regime are slightly lower when wb < wa. These trends suggest that the work of separation (as indicated
by the area below stress–strain curve) is lower for b < a.
We next refer to the fully plastic analytical solution for work-rate equivalence given in (14) in Appendix.
Under uniaxial straining, Dpx ¼ Dpz ¼ 0, while Dpy is required to satisfy the work-conjugate stress Ry = Rq in
(10) in Appendix. By setting p = 0 for the traction-free void, one can show that Ry/r0 = 1.37, 1.12 for
wa = wb = 10, 20 with f = 0.05. These theoretical values are in good agreement with the peak stress levels
observed in Fig. 2b. From (10) and (16) in Appendix, we also observe that the sum of the radial stress and
internal pressure, Rq + p, is a decreasing function of a. Incompressible plastic ﬂow (b = 0) exhibits a larger
stress drop than the normality ﬂow (b = a) over the parametric range of 0 6 a 6 1
2
. This further conﬁrms
the numerical results in Fig. 2b (compare the plots for wb = wa = 10 and for wb = 0 and wa = 10).
In passing, it can be noted that the fully plastic analytical solution derived in the Appendix of this paper
provides good estimates of the stress levels in the unit-cell when the elastic deformation is small. For materials
with large elastic strains, larger deviation in the peak stress levels between the fully plastic solution and the
numerical results are observed.4. Failure mechanisms in pressure-insensitive adhesives
In a highly constrained interlayer, extensive void growth brings about volume increase and material soft-
ening. Both these eﬀects contribute to stress relaxation. In this section, we study the competition between
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stress elevation induced by constrained plastic ﬂow for a = b = 0.
Fig. 3a displays the porosity distribution plots for polymer–silicon joints, with f0 = 0.005 at a ﬁxed cell size
of D = h/4. The discrete points in the ﬁgure represent the actual numerical values. At initial loads correspond-
ing to J/(r0h) = 0.057, voiding is conﬁned to the near-tip vicinity. At slightly higher loads of J/(r0h) = 0.064, a
twofold increase in the peak porosity is observed. At even higher loads of J/(r0h) = 0.076, the peak porosity
increases to nearly 18 times its initial value. At such load levels however, void growth and hence the extent of
damage is limited to X1 < 4h.
One prominent feature is the emergence of the peak porosity centered at distance X1 = h ahead of the crack
for all four load levels. This phenomenon can be attributed to the build-up of stress triaxiality some distances
ahead of the crack in the highly constrained adhesive (Varias et al., 1991). As voiding develops at the inter-
vening zone, the primary site of void activity at X1 = h is ultimately joined to the main crack, while new dam-
age sites are concurrently formed at locations even further ahead of the original crack. This voiding pattern is
referred to as the ‘‘multiple damage zone’’ mechanism.
Fig. 3b shows the porosity distribution plots for f0 = 0.05. A zone of voiding emanates from the crack at
low loads. As the load increases, voids further ahead of the crack also grow by signiﬁcant amounts. The stress
relaxation associated with this pattern of voiding shifts the damage extent further ahead of the crack – from
X1 = 5h for J/(r0h) = 0.041 to X1 = 10h for J/(r0h) = 0.065. Unlike the low porosity adhesive, very rapid
growth of voids at the crack-tip results in material softening, and prevents the built-up of high stress triaxiality
in the constrained layer. Material closest to the crack-tip experiences fastest void growth and failure progresses
ahead continuously. This pattern of adhesive failure is referred to as the ‘‘contiguous damage zone’’ mecha-
nism. Both the multiple damage zone and the contiguous damage zone mechanisms have been experimentally
observed in constrained epoxy adhesives (Chai, 1993).Fig. 3. Distribution of porosity f ahead of crack (X2 = 0) for D = h/4; r0/E = 0.01, N = 0.1. (a) f0 = 0.005; (b) f0 = 0.05.
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from those observed by Tvergaard and Hutchinson (2002) for cracks in homogeneous materials. This can be
attributed to the high stress triaxiality inherent in the adhesive joint.
5. Damage evolution in pressure-sensitive adhesives
A numerical study will be employed to evaluate the eﬀects of pressure-sensitivity a and plastic dilatancy b
on the damage evolution in an adhesive joint under the associated and non-associated ﬂow rules in Sections
5.1 and 5.2. The introduction of an additional length scale h for a constrained layer infers the importance of
the cell’s relative size D/h. Its inﬂuence on ﬁlm damage is discussed in Section 5.3.
5.1. Associated normality ﬂow, b = a
Figs. 4–6 display the eﬀects of pressure-sensitivity, based on associated ﬂow rule, on the damage distribu-
tion ahead of the crack for several adhesive materials joined to stiﬀ substrates (Es/E = 10). The range of r0/E
considered encompasses both polymer–silicon joints (r0/E > 0.007) and metal–ceramic joints (r0/E < 0.007).
Initial porosity levels of f0 = 0.005 and f0 = 0.05 are considered for the polymeric adhesives, with friction
angles of wa = 0–20 which span the range of pressure-sensitivity appropriate to polymers. A computational
study by Xia et al. (1995) showed that initial porosity levels of f0 = 0.002 and f0 = 0.005 provide a good ﬁt to
experimental data for metals. These f0 values are assumed in our study for metal–ceramic joints. In addition,
friction angles of wa = 0 to 10 are considered for the metallic adhesives.
Results show that an increase in wa signiﬁcantly increases the damage extent in the adhesive. Herein, the
spatial extent of the damage zone is operationally deﬁned as the distance from the crack-tip to the point whereFig. 4. Distribution of porosity f ahead of crack (X2 = 0) for several pressure-sensitivity levels with a = b; D = h/2, r0/E = 0.04, N = 0.1.
(a) f0 = 0.005; (b) f0 = 0.05.
Fig. 5. Distribution of porosity f ahead of crack (X2 = 0) for several pressure-sensitivity levels with a = b; D = h/2, r0/E = 0.01, N = 0.1.
(a) f0 = 0.005; (b) f0 = 0.05.
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r0/E = 0.04 and 0.01 in Figs. 4 and 5 with f0 = 0.005, the extent of adhesive damage for wa = 10 is nearly
twice that for wa = 0 at equivalent external loading J/(r0h). At higher friction angles of wa = 20, the damage
extent increases by nearly four-fold that for wa = 0. The eﬀects of pressure-sensitivity on the damage zone
length are more severe for low porosity adhesives. Interestingly, we note that an increase in wa from 0 to
10 also induces a considerable increase in the process zone length for metal–ceramic joints (Fig. 6). These
pressure-sensitivity levels are in the range relevant to iron-based metals and aluminum alloys (Spitzig and
Richmond, 1984; Chew et al., 2006).
At this point, we make contact with the experimental work of Du et al. (2000), where a double-cantilever-
beam test was conducted to study the process zone length and thickness in rubber-modiﬁed epoxy. They showed
that the steady-state process zone could reach lengths of 4–12 times the process zone thickness D under quasi-
static loading conditions. This observation corroborates closely with the spatial extents of damage revealed in
our computations. In addition, we note that the voiding patterns in Figs. 4 and 5 resemble the morphology of
the fracture surfaces of rubber-modiﬁed epoxy adhesives under high stress triaxiality (Imanaka et al., 2003).
Another interesting characteristic of pressure-sensitivity concerns its eﬀects on the damage intensity of the
adhesive. At low to moderate load levels, increasing pressure-sensitivity accelerates the near-tip void growth,
resulting in higher peak porosity levels in materials having larger a values. At higher load levels when a highly
damage zone has been established, the trend of increasing near-tip void growth with pressure-sensitivity can-
not be sustained, and the peak porosity levels of materials having lower a values eventually exceed those for
materials with larger a (see Figs. 5 and 6).
The above phenomenon can be understood by looking ahead to Fig. 8, which shows the porosity and mean
stress evolution plots for unit-cells ahead of the crack for wa = wb = 0 and 10. Focusing on ﬁxed cell size of
Fig. 6. Distribution of porosity f ahead of crack (X2 = 0) for several pressure-sensitivity levels with a = b; D = h/2, r0/E = 0.004, N = 0.1.
(a) f0 = 0.002; (b) f0 = 0.005.
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unstable void growth. As a result, initiation of rapid voiding for wa = 10 occurs at much lower J/(r0h) than
for wa = 0. This explains the several fold increase in the process zone length for pressure-sensitive adhesives in
Figs. 4–6. For clarity, Table 1 summarizes the critical (or peak) mean stress Rcm and the J/(r0h) at which R
c
m
occurs for unit-cells ahead of the crack with diﬀerent wa. This table can be constructed from similar plots to
Fig. 8. At higher load levels suﬃcient to trigger rapid void growth for wa = 0, the rate of void expansion for
wa = 0 is notably faster due to the higher mean stress and constraint levels, eventually causing more localizedTable 1
Critical mean stress and applied loads for cells ahead of the crack in pressure-sensitive adhesives with D = h/2, r0/E = 0.01, N = 0.1
Unit cell Pressure-sensitivity Critical stress Rcm=r0 Critical load J/(r0h)
X1/h wa = wb () f0 = 0.005 0.05 f0 = 0.005 0.05
2 0 2.39 1.45 0.078 0.047
10 1.94 1.19 0.056 0.039
20 1.57 1.00 0.043 0.035
4 0 2.39 1.45 0.108 0.064
10 1.94 1.19 0.078 0.052
20 1.57 1.00 0.061 0.045
6 0 2.40 1.45 0.133 0.080
10 1.94 1.19 0.098 0.064
20 1.57 1.00 0.076 0.055
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growth rate for a fully plastic matrix under normality ﬂow conditions (Eq. (12) in Appendix). In reality, one
would expect the damage levels for pressure-sensitive adhesives to be consistently higher than for pressure-
insensitive adhesives, since void coalescence often occurs just beyond the critical stress Rcm.
5.2. Non-associated ﬂow, b < a
The analysis in the above section employs an associated ﬂow rule, i.e. b = a. While these results represent
the benchmark curves, experimental observations have shown that the plastic volume change in polymers does
not commensurate with the predictions of the associated ﬂow rule (i.e. b < a).
Fig. 7 displays the eﬀects of plastic dilatancy b, based on the non-associated ﬂow rule, on the damage dis-
tribution for polymer–silicon joints with r0/E = 0.04. The level of plastic dilatancy considered ranges from
wb = 0 to wa, where wb = wa represents associated normality ﬂow, while no plastic volume change takes place
for wb = 0. In Section 5.1, we observe that increasing pressure-sensitivity, under an associated ﬂow, signiﬁ-
cantly intensiﬁes the level of damage as well as increases the spatial extent of damage in the adhesive by several
fold. Results based on a non-associated ﬂow, b < a, suggest the eﬀects of pressure-sensitivity on the damage
level and its spatial extent to be even greater. An increase in jwb  waj from 0 to 10 for f0 = 0.005, wa = 20
at J/(r0h) = 0.09 raises the peak porosity level by nearly 70% and shifts the damage process zone from
X1/h = 1.7 for wb = 20 to X1/h = 2.1 for wb = 10; the same increment in jwb  waj for f0 = 0.05, wa = 20
at J/(r0h) = 0.08 raises the damage level by 20% and increases its spatial extent by nearly 10%. Similar trends
are displayed for wa = 10. These eﬀects can be attributed to the lower stress carrying capacity in the post-peak
regime for b < a as compared to b = a (see Fig. 2b).Fig. 7. Distribution of porosity f ahead of crack (X2 = 0) for several plastic dilatancy levels with friction angles wa = 10 and wa = 20;
r0/E = 0.04, N = 0.1. (a) f0 = 0.005; (b) f0 = 0.05.
2564 H.B. Chew et al. / International Journal of Solids and Structures 44 (2007) 2553–2570Chowdhury and Narasimhan (2000a,b) showed the plastic dilatant parameter b exert little inﬂuence on the
stress and deformation ﬁelds for an undamaged (void-free) constrained adhesive layer. Our computations for a
voided ductile adhesive joint, however, indicate that an associated ﬂow rule can be non-conservative in the
prediction of damage and failure.
We have also conducted computations for cracks in homogeneous ductile materials containing a single row
of discrete voids. While the spatial extent of damage for these materials is much smaller than for a constrained
adhesive joint at comparable load levels, we note the eﬀects of a and b to be largely similar to those shown in
Sections 5.1 and 5.2.5.3. Relative cell size
Xia and Shih (1995) deﬁned the cell size D as the thickness of the damage process zone, and correlated it
with the mean spacing between voids. The cell size therefore has a microstructural basis and can be ascertained
from metallurgical observations. A similar deﬁnition of D is adopted in our study. In polymeric materials,
when the particle-polymer adhesion stress is small compared to the yield strength of the polymer, voids readily
nucleate from cavitated rubber blends or from the decohesion of ﬁller particle/polymer matrix interfaces. For
these materials, voids originating from ﬁne-grained ﬁller particles would have smaller mean spacing, and hence
smaller damage process zone thickness D, as compared to those from coarse-grained ﬁller particles. The eﬀects
of the varying relative damage process zone thickness D/h on void activity in polymer–silicon joints are taken
up in this section.
Fig. 8 displays the macroscopic response of a typical discrete cell in the adhesive ﬁlm at X1/h = 2 for several
D/h. The behavior of this cell is representative of the rest of the cells located within the fracture process zone.Fig. 8. Porosity f and mean stress Rm/r0 evolution for unit-cells ahead of the crack at X1/h = 2 for several cell sizes. f0 = 0.005,
r0/E = 0.01, N = 0.1.
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critical peak stress is reached (Fig. 8b). This peak Rm value corresponds to the onset of rapid void
growth (Fig. 8a). Beyond this point, Rm decreases as the stress elevation is unable to compensate for the
softening from void growth. In the early loading stages when no void growth occurs, the mean stress evolu-
tion curves for all three cell sizes are identical. At higher loadings after the initiation of void growth, the stress
evolution curves begin to deviate, with the smaller cell sizes reaching unstable void growth at lower applied
loads.
These trends suggest that adhesives with smaller D/h would undergo rapid unstable void growth at much
lower critical loading than for adhesives with larger D/h. Observe the smaller J/(r0h) required for cells with
smaller D/h to reach the critical peak stress level. As D becomes small compared to h, enhanced interactions
between the closely spaced voids could favor accelerated void growth, leading to brittle-like adhesive failure.
By contrast, as D becomes of comparable size to h, we see more or less isolated void activity in the adhesive,
and the void growth rate is reduced.
Experimental studies of the eﬀects of damage process zone thickness on the toughness of rubber modiﬁed
epoxies were performed by Du et al. (1998). They showed that the decrease in the thickness of the damage
process zone D, from 200 lm for 10- and 15-phr (parts per 100 parts of rubber by weight) rubber modiﬁed
epoxies to about 150 lm for the 20- and 25-phr rubber modiﬁed epoxies, resulted in a signiﬁcant drop in
steady-state fracture toughness. The reduction in fracture toughness levels with decreasing D/h can also be
anticipated from the earlier onset of voiding and the accelerated void growth rate shown in Fig. 8. A detailed
discussion on the eﬀects of D/h on the fracture toughness trend will follow in Section 6.6. Void coalescence and fracture toughness trend
In order to model ﬁnal material separation, a criterion for void coalescence is required. Crack growth stud-
ies have traditionally assumed that ﬁnal material failure occurs at a constant critical porosity level fc (e.g. Xia
and Shih, 1995). The validity of this attractive but oversimpliﬁed concept has been assessed by Pardoen and
Hutchinson (2000). It has been shown that fc is not a material constant, but is dependent on the initial porosity
and stress triaxiality, among other parameters.
Of the two possible damage mechanisms which have been identiﬁed in Section 4, only the contiguous dam-
age zone mechanism, involving void by void crack advance, is amenable to fracture resistance analysis. The
initial adhesive porosity associated with this voiding pattern for r0/E = 0.01 ranges from 0.01 6 f0 6 0.05.
Along the crack plane, each cell element in succession experiences stress elevation due to strain hardening, fol-
lowed by material softening from void growth. A typical mean stress versus load history proﬁle at the cell ele-
ment level was earlier depicted in Fig. 8b. One can see that the peak mean stress level demarcates the critical
point beyond which the cell rapidly loses its stress carrying capacity due to rapid void growth and coalescence.
Motivated by this observation, we operationally deﬁne the void volume fraction at the peak mean stress level,
denoted by fc, as the criterion for crack growth. Based on this criterion, the cell with fc is taken as the eﬀective
location of the crack-tip. Our initial investigations show fc to be a monotonically increasing function of f0,
but is independent of the cell’s relative size D/h and the crack growth distance Da/h. For low porosity
adhesives, pressure-sensitivity a under an associated ﬂow is found to have some inﬂuence in reducing fc; thisTable 2
Average critical porosity across cell distribution and cell sizes for several pressure-dependent parameters
Pressure-sensitivity Critical porosity fc (10
2)
wa = wb () f0 = 0.01 0.03 0.05
0 2.09 4.60 6.92
5 1.98 4.54 6.88
10 1.93 4.53 6.87
15 1.91 4.53 6.87
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Our investigations further show plastic dilatancy b has minimal inﬂuence on fc and presumably the fracture
toughness, since the eﬀects of b are largely conﬁned to the post-peak stress region (see Fig. 2b). Nevertheless,
it should be noted that damage level and spatial extent are exacerbated when b is smaller than a. For simplic-
ity, the subsequent discussion assumes an associated normality ﬂow (b = a).
The criteria for hole link-up deﬁned above is used to evaluate the fracture toughness trends in Fig. 9 – the
applied loads at which the cell with fc is reached is computed to obtain the J/(r0h) versus Da/h curves. No node
release was performed to simulate actual crack growth. Gullerud et al. (2000) showed that the delayed release
of remaining forces elevates the stress triaxiality and artiﬁcially accelerates the rate of crack extension, result-
ing in lower resistance curves. The predicted ‘‘resistance’’ curves in Fig. 9 therefore provide lower-bound
estimates of the adhesive’s fracture toughness.
Results from Fig. 9a show that low porosity adhesives possess higher fracture toughness. The R-curves for
f0 = 0.01 are roughly 30% higher than for f0 = 0.05 across the respective cell sizes. For large cell size of D = h,
the transient R-curve proﬁle is almost linear, suggesting ductile fracture. As D/h decreases, the fracture resis-
tance is lowered and the R-curves become nearly ﬂat, which is indicative of brittle-like fracture (see plots for
D = h/8, f0 = 0.05). The reduced fracture toughness levels with decreasing D/h have been experimentally
observed by Du et al. (1998). This suggests that increasing the spacing between void nucleating particles
can bring about signiﬁcant improvements to the adhesive’s fracture properties.
Fig. 9b compares the R-curves for f0 = 0.05 with wa = wb = 0 and 10. Observe that as wa increases, the
fracture toughness is correspondingly lowered. The combination of high pressure-sensitivity and small cell size
can lead to rapid failure.Fig. 9. Crack growth resistance curves for (a) several cell sizes with f0 = 0.01 and f0 = 0.05; (b) f0 = 0.05 with wa = wb = 0 and 10.
r0/E = 0.01, N = 0.1.
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A numerical study detailing the eﬀects of pressure-sensitivity and plastic dilatancy on void growth and coa-
lescence in a constrained adhesive ﬁlm has been performed. Damage in the ﬁlm was modeled by a row of unit-
cells, each of dimensions D by D, containing discrete voids lying on the crack plane ahead of a crack. The
failure mechanisms exhibited include the multiple damage zone and the contiguous damage zone mechanisms
for low and high initial porosity adhesives, respectively. These failure mechanisms are diﬀerent from those
observed by Tvergaard and Hutchinson (2002) for cracks in homogeneous materials.
We also show that increasing pressure-sensitivity signiﬁcantly intensiﬁes the level of damage as well as
increases the spatial extent of damage in the adhesive by several fold. Initiation of voiding for pressure-
sensitive adhesives also occurs at lower external loading, but with a smaller rate of void expansion as
compared to pressure-insensitive adhesives. Pressure-sensitivity eﬀects are even greater for a non-associated
ﬂow rule, b < a. The level and spatial extent of damage increases with the deviation from an associated ﬂow
rule, jb  aj. This limited study suggests that damage in polymers as well as load bearing predictions based on
an associated ﬂow rule could be conservative.
The number of voids in the adhesive was systematically varied for a ﬁxed ﬁlm thickness h to study the inﬂu-
ence of the cell’s relative size D/h (related to the relative damage process zone thickness). A reduction in D/h
dramatically accelerates both the spatial extent of adhesive damage and the voiding intensity. This stems from
the increased void interaction associated with smaller void spacing. Adopting a failure criterion for crack
growth based on a critical porosity, it was further shown that the combination of increasing pressure-sensitiv-
ity and reducing D/h could signiﬁcantly lower the joint toughness, promoting brittle-like fracture. These ﬁnd-
ings are consistent with experimental observations of Du et al. (1998).
In glassy polymers, the process zone consists of small crack-like defects called crazes. These defects
originate from the nucleation of voids in the plastic zone, followed by the deformation of the polymer liga-
ments between voids and coalescence of individual voids to form a void network (Kambour, 1973). At the
microscopic level, crazes exhibit narrow but extensive plastic zones. The simulated damage patterns for
pressure-sensitive layers in our study bears resemblance to the long craze zones. This point merits further
study.
This exploratory study was undertaken to gain some insights into the role of pressure-sensitivity and plastic
dilatancy on adhesive failure. For computational convenience, we have adopted cylindrical voids to describe
the growth and interaction of voids ahead of a crack. The real voids and microstructures in polymeric
adhesives, however, are three-dimensional in nature. A three-dimensional discrete void implementation in a
constrained adhesive layer would provide more realistic failure predictions. This work will be discussed in
Part II.Acknowledgement
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We consider the homogenized solution for a plane strain hollow cylinder subjected to internal pressure p
and remotely applied radial stress Rq. The overall axisymmetry reduces the problem to a one-dimensional
problem in the radial direction. In Appendices A.1 and A.2, we focus on two special cases of plastic ﬂow
for void growth in a fully plastic non-hardening matrix: (i) normality ﬂow b = a, and (ii) incompressible plastic
ﬂow b = 0. In Appendix A.3, we show the solution for void growth in an incompressible elastic–plastic matrix
a = b = 0.
The derived analytical solutions are also applicable to the study of IC package failures, where vapor pres-
sure assisted void growth and coalescence has been shown to be a key mechanism of popcorn cracking and
interface delamination under reﬂow soldering conditions (Guo and Cheng, 2002, 2003; Cheng and Guo,
2003; Chew et al., 2005a,b).
2568 H.B. Chew et al. / International Journal of Solids and Structures 44 (2007) 2553–2570A.1. Normality ﬂow, b = a
When the matrix material obeys the normality ﬂow rule (b = a), the macroscopic stresses in the radial and
axial directions Rq and Rz and the evolution law for the void volume fraction f can be derived as followsRq þ p
r0 þ 3ap ¼
1
3a
½1 f ð1g1Þ=2 ð10Þ
Rq  Rz
r0 þ 3ap ¼
1
3a
g  1
g þ 1
 2
½f ð1g1Þ=2  f  ð11Þand_f ¼ ½f ð1g1Þ=2  f  trDp ð12Þ
where Dp is the macroscopic plastic strain rate andg ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a2
p
 ﬃﬃﬃ3p aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a2
p
þ ﬃﬃﬃ3p a ð13Þ
In the above, the sign ± distinguishes between void growth (+) and compression ().
For the axisymmetric plane strain cell, Rq and D
p
q are the only eﬀective work-conjugate pair with nonzero
work-rate since Dp is proportional to a unit in-plane tensor. As such, the average work-rate of the cell,
V 1
R
V r : d
pdv, has the normalized formRþ pI
r0 þ 3ap : D
p ¼ 1
3a
½1 f ð1g1Þ=2 trDp ð14ÞThis formulation suggests an approximate work-rate equivalence between axisymmetric and non-axisymmet-
ric void growth (or compression), which can be used to estimate the upper-limit stress level for a unit-cell with
elastic–plastic matrix. The analytical derivation is found to corroborate closely with the numerical results in
Fig. 2.
Observe that the factor f ð1g
1Þ=2  f in the range 0 6 a 6 1
2
is identically greater than zero for both void
growth and compression. Under normality ﬂow conditions, the radial stress Rq is consistently greater than
the axial stress Rz due to the plastic dilatancy of the matrix. Thus Rq  Rz in (11) deﬁnes the macroscopic eﬀec-
tive stress. For void growth, the factor f (1g)/2  f is not a monotonic decreasing function of f but attains a
maximum atf  ¼ 1 g
2
 2=ð1þgÞ
ð15ÞWhen a increases from 0 to 1
2
, f* correspondingly increases from 0 to
1
4
, while the factor f (1g)/2  f decreases
monotonically from 1 to 1
4
. Hence an increase in pressure-sensitivity a under an associated ﬂow signiﬁcantly
reduces the void growth rate (12).
A.2. Incompressible plastic ﬂow, b = 0
For incompressible plastic ﬂow (b = 0), the axisymmetric cell is under a state of pure hydrostatic stressRz  Rq ¼ 0; Rq þ pr0 þ 3ap ¼
1
3a
1 f 3a3a ﬃ3p  ð16Þand the void growth rate takes the classical form_f ¼ ð1 f Þ trDp ð17Þ
From (10) and (16), we note that the eﬀects of vapor pressure are less severe for pressure-sensitive polymers,
like the die-attach or molding compound in electronic packages.
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stress stateRz  Rq ¼ 0; Rq þ pr0 ¼ 
1ﬃﬃﬃ
3
p ln f ð18Þand the classical void evolution law (17) as well. Eq. (18) can be cast into the macroscopic yield condition2f cosh
ﬃﬃﬃ
3
p
2
Rcc þ 2p
r0
 !
¼ 1þ f 2 ð19Þwhere Rcc = Rx + Ry = 2Rq. In the absence of internal pressure, this equation can be identiﬁed with the Gur-
son model (Gurson, 1977) for cylindrical void growth with vanishing macroscopic eﬀective stress.
A.3. Elastic–plastic solution, a = b = 0
For a cylindrical cavity in a ﬁnitely deformed incompressible elastic–plastic solid subjected to externally
applied in-plane radial stress Rq and internal pressure p, the radial equilibrium solution takes the form:Rq þ p
r0
¼
Z e2
e1
HðeÞde
1 expð ﬃﬃﬃ3p eÞ ð20ÞHere, the uniaxial relationship between true stress and logarithmic strain of the material is described by
r/r0 = H(e). For an elastic–plastic power law hardening solid, H(e) = e/e0 if jej < e0; otherwise H(e) =
(jej/e0)Nsign(e) where e0 = r0/E is the reference strain. The lower and upper integration limits e1 and e2 in
(20) are the two-end strains of the void, which can be determined solely by the current and initial void volume
fractions f0 and f:e1 ¼ 1ﬃﬃﬃ
3
p ln f0
f
1 f
1 f0
 
; e2 ¼ 1ﬃﬃﬃ
3
p ln 1 f
1 f0
 
ð21ÞA similar form to the integral in (20) was used by Huo et al. (1999).
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